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Nonlinear Electrohydrodynamic Instability Conditions
of an Interface between Two Fluids under the Effect of
a Normal Periodic Electric Field. III
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A charge-free surface separating two semi-infinite dielectric fluids influenced by
a normal periodic electric field is subjected to nonlinear deformations. We use
the method of multiple scales in order to solve the nonlinear equations. In the
first-order problem we obtained Mathieu’s differential equation. For the second
order, we obtain the nonhomogeneous Mathieu equation and we use the method
of multiple scales to obtain a sequence of equations. In the third order we obtain
the second-order differential equation of periodic coefficients. Also, we obtain
a formula for surface elevation. The stability conditions are determined.

1. INTRODUCTION

Electrohydrodynamics can be regarded as a branch of fluid mechanics
concerned with electric force effects. It can also be considered as that part
of electrodynamics which is involved with the influence of moving media
on electric fields.

Very few studies on nonlinear electrohydrodynamic Rayleigh-Taylor
instability have been attempted.

Melcher (1963) and Michael (1977) studied the nonlinear stability of
the interface of a fluid of finite depth stressed by a normal electric field. In
their models, there are charges on the interface. They studied conducting
fluids, and therefore the effect of the dielectric constants is not accounted
for in their analysis. The nonlinear cutoff wavenumbers were not evaluated
in their studies.
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Kant et al. (1981) investigated the stability of weakly nonlinear waves
on the surface of a fluid layer in the presence of an applied electric field
by using the derivative expansion method. They also studied conducting
fluids, and therefore the effect of the dielectric constants was also not
accounted for in their analysis.

The nonlinear electrohydrodynamic Rayleigh-Taylor instability was
investigated by Mohamed and El Shehawey (1983a,b; 1984). They studied
a charge-free surface separating two semi-infinite dielectric fluids influenced
by a normal electric field and a tangential electric field subjected to nonlinear
deformation. They obtained two nonlinear Schrodinger equations by means
of which one can deduce the cutoff wavenumber and analyze the stability
of the system.

The method of multiple-scale perturbations was used successfully by
Hasimoto and Ono (1972) for fluids of finite depth and by Nayfeh (1976)
for fluids of infinite depth.

In the 1960s a new and wide field of periodic flow phenomena was
discovered in the earth’s atmosphere by meteorological satellites: the Van
Karman streetlike vortex trails behind the island of Madeira, Jan Mayen,
and Guadalupe (Baja California), to name only the three most significant
locations (Berger and Wille, 1972).

A real-valued function of one variable F(x) defined for all real x is
said to be periodic and to have period p if, and only if, for fixed p >0 and
for all x

F(x+p)=F(x)

Note that if F(x) is periodic with period p, then it is also periodic with
period Kp, K=2, 3,...,n—1, n, and, moreover, it is possible, but not
necessary, that F(x) is periodic with period p*, where 0<p*<p (Rouch
and Mawhin, 1978).

In this paper we study the effect of a time-dependent normal electric
field on the stability of a dielectric liquid in the absence of surface charges.
The method of multiple-scale perturbations has been used to obtain informa-
tion about solutions of equations that involve difficulties, such as equations
with variable coeflicients, doubly periodic functions, and for singular pertur-
bed systems, etc. (Nayfeh, 1973, 1977; Nayfeh and Mook, 1977, 1979).

2. STATEMENT OF THE PROBLEM

In this section, we consider two semi-infinite dielectric inviscid fluids
separated by the plane y =0. The upper and lower densities of the fluids
are p» and p'", respectively. Both of the fluids are subject to a periodic
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electric field in the y direction (E§” cos woT, and E{" cos w, Ty, respec-
tively). We shall assume that there are no surface charges at the surface of
separation in the equilibrium state, and therefore the electric displacement
is continuous at the interface. As the motion of the system starts from rest,
it is taken to be an irrotational flow. The motion is governed by the following

equations:
V2V (x, 3, 1) =0 (2.1)
where ¢ (x, y, t) is the velocity potential,
V(Z),(l) — V¢(2),(1)

We shall assume that the quasistatic approximation is valid and we introduce
the electrostatic potential ‘" such that

EPV = EP cos wot e, — V@V (2.2)
Therefore the differential equation satisfied by ¢**‘" is the Laplace equation
q

20 (1) 42 (2),(1)
AR A’ (2.3)
0x ay

The superscripts (1) and (2) refer to quantities in the lower fluid and upper
fluid, respectively.

In our analysis the various quantities are nondimensionalized using
the characteristic length L=(T/pVg")/* and the characteristic time
(L/g")"/?, where T is the surface tension and g’ is the acceleration due to
gravity acting in the negative y direction.

2.1. Boundary Conditions
(i) The kinematic boundary condition is
ntmb=d, at y=mn(x1) (2.4)
(i) The tangential component of electric field should be continuous
at the interface on y = n(x, t),
et [P 1+ [ ] =n. cos e To[Eol  at y=mn(x1) (2.5)

where [ -] represents the jump across the interface.
(iii) Since there are no surface charges at the surface y = n(x, t), the
normal electric displacement is continuous at the interface,

ey ]=[éy,] at y=n(x1) (2.6)
(iv) The stress tensor is given by

ijs

where I1= P —1£E>.



1536 El Shehawey and Abd El Gawaad

The normal hydrodynamic stress is balanced by the normal electric
stress. The balance condition is then

6" = po P +3(67) —p (671 +3 ()~ p(657)1+ (1~ p)n
= N (1+ ”fli)—yz ~3[&y3] +%[§l//§] —~[£Egt,] cos wo Ty
—n3[EE3] cos® wo To+ ni[ Y] — miléys]
+20%[EEoy, ] cos wo To+ 27, [ E¢ Eo] cos woTyo— 273
X [EEo,] cos woTo— 20, [ Erp, 1+ 203 [ £, ]
at y=mn(x1) (2.8)

2.2, Method of Solution and Analysis

The set of equations (2.1), (2.3), (2.4)-(2.6), and (2.8) will be solved
using the method of multiple scales (Nayfeh, 1973, 1976). We expand the
various variables in ascending powers in terms of a small dimensionless
parameter ¢ characterizing the steepness ratio of the wave. The independent
variables x, t are scaled in a like manner,

X, =&"x, T,=¢"t (2.9)
and the variables may be expanded as
3

T,(xs t) = 2 s"n,,(Xo, X1, X5, Ty, Th, T2)+O(34) (2-10)

n=]

3
P V(xy, =3 "X, X1, X233, To, Ty, To)+0(e*)  (2.11)
n=1

3
¢ PPy = T eV Xo, X1, Xo3 5, To, Ty, )+ 0(e%) (2.12)
n=1
Substituting from (2.9)-(2.11) and (2.12) into (2.1}, {2.3), {(2.4)-{2.6), and
(2.8) and equating the coeflicients of the respective powers of &, the following
three orders of the problems are obtained.

Order €:
LA e (2.13)
X3 ay? '
FHDMW G2
N d"z =0 (2.14)

X3 ay
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a_n_l_a¢52)‘(l)

3Ty oy =0 at y=0 (2.15)
B R

[5%’1}0 at y=0 (217)
%?*paaﬁ:) +(1-p)n— 377721 [eEo t:lcostTO:O at y=0

(2.18)
The solutions of these equations can be written in the form

M Xo, X1, Xo5 To, Th, TL)=D(X,, X5 Ty, Ty, T5) e %ot cc. (2.19)

1 D
¢(11)(X03 Xl ) XZ) y, T07 Tl’ TZ) = T elKX0+Ky+C'C' (2'20)
14D
¢ (X, X1, X5,y Ty, Ty, To) = — XKy e, (221)
K aT,
(~(2) ~(1))

¥ Xo, X1, X2, To, Ty, Ty) = D& Eo E{ cos wo T, %" +c.c.
(2.22)

('(2) ~(l))

D~ E§’ cos Ty e ™ +cc.

lpEZ)(XOa XI:XZ’ s TO, Tla T2) == ~(1)+ E

(2.23)

where c.c. denotes complex conjugate.

Substituting from equations (2.19)-(2.22) and (2.23) into equation
(2.18) and after some simplifications, we obtain the following differential
equation for D(T,), since D(T,) represents the first-order amplitude of the
deformation at the interface:

#D 1

("(2) ‘(1))2
372 1+p
0 P

{1—p+K2 KWEg‘)Egz)coszono}D=0 (2.24)

Let us use the following notations for simplicity: -
K ) K (§(2) ~(1))2 D @
=w5(1+p)( PRIy g Bok
K?*  (£-8§M)
1= 4031+ p) D459

1 2)
EVES
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Then equation (2.24) can be written as

*D
a—§-2—+(a—2q cos26)D=0 (2.25)

where
E=w,T;

Equation (2.25) is the Mathieu differential equation; we assume a regular
perturbation expansion for D:

D=Dy+¢,D,+e3D,+ O(ed) (2.26)

where €, =gq.

Substituting equation (2.26) into equation (2.25) and comparing like
powers of &, gives a sequence of equations, and using the perturbation
theory, we solve all orders. After solving to all orders in perturbation theory
we get (Bender and Orszag, 1978)

D(X,, X,, To, Ty, To) = A(X,, Xa, Ty, Ty, To) e™V*Totcc. (2.27)

where
AX, X, Ty, T, To) =Y e1 A (X, X,, Th, T>) g?eoTo
Order £2:
PP g2 @D P @
¢2 > ¢22 — _2 ¢l (2.28)
X35 dy 3X,0X,
FY@M 2@ FERCIRCH
3 i W3 - i (2.29)
aX3 3y 9X,0X,
3 PRGNS PERCIRCH I PYREPYCXE
omp 86:  _ 8OV om _dmodr . _o (230
aT, ay oy oTy X, 96X,
on, [0 ? )
2&[.&}[6_%]”1[ K2 ]+[91ﬁ.1]
c?XO By 8X() ay GXO 6X1
on, 98
=(a—)5)+5%)[50] coswoT, at y=0 (2.31)

- 9, _ém[~a_</n]_ [~62111,] B
[8 ay] o, fax, ] M EGe] A v=0 0 @3
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8¢(1) ad)(2)
ot P T, +(1—p)n,
0
8()5(;1) ad)(ll)
~ MayeT, T,
Ioi” a9 1(a¢1"\* 1 (94i”\?
+pm +p Y TSP
5y0T0 aTl 2 BXO 2 BXO

i (1) 1 (2)\ 2 2 2
___((f’_) +_p<5¢1 ) ) "M +3 TI§

2 2 ay 8Xo3X; 9X5

1. (oY NEIAY 2
‘5[ (%) ]+5[E(a—y‘>] [8E° y]“’sm

& 3
[sEO (//2] cos woTy— ( 771) [6E3] cos® woT,
dy

D, ¢
+29‘m['15 wl]c 05 T, 2T 281
8X0 0 XO 0o aTO ay
om a¢(2) at =0
0T, dy ¥

The solutions of these equations are

772(X09 Xl; XZ’ TO’ Tl, T2)=a(T0’ Tl5 TZ, Xla XZ) eZiKXO+C'c'

¢(22)(X05 Xl, X27 Y T05 T]) TZ)

aD i ’D
RENT NP X
K laT, T, X,

iKX,~Ky _ DE @ 2KXo2Ky ___l__ da 2iKX,~2Ky
3T, 2K 3T,

Xe
+c.c.
¢S21)(X03X1) X2a Y, TO’ Tla TZ)

1{oD i D
=— —+~( - Ky)
K 8T, 0T, 0X,

iKX0+Ky_D_(ZQeZiKXO+2Ky+ 1 da
o7, 2K aTo

i +
2iK X, 2Ky+C.C.

Xe

Xe

1539
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(2.34)

(2.35)

(2.36)
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2
‘ﬁ(z )(Xo, X1, X2,9, To, T), T)

=—j— yE¥ cos w, T,
8X1y 0 oo

y eiKXO—Ky (5(2)_ 5(1))

lKD2 5(2) _ g(l)
g(l)+ 5(2) 2

e E? cos w, T,

g g =0 clo
~(2) _ ~(1)

x 2 KXo 2Ky _ o (e £"’)

S B2 cos w, T, e>'KXo™2Ky
Vg™
"(2)5(1) _

~(10\2
£ £ .
-~ KD? TEWE(T”)T) E® cos wy Ty > %0257 ¢ c. (2.37)
g.l)(Xo, X, X5,%, Ty, T, T)
aD 5(2)_ E‘:'(l)
—i Y0, 2
BXI £ + E

) 5(2) _ 5(1)
x E{ cos wy T, e ¥Xot Ky | —1KD?

5(1)+ 5(2)
. 5(2)_ I;(l) K , (5(2))2_ é‘(l)g(Z)]
a2 <) ~ ~
8(1)+£(2) (8(1)+£(2))2

X E§V cos wo T, €2 %™K 1 ¢ c.

(2.38)
Substituting from equations (2.34)-(2.37) and (2.38) into equations {2.33)

and equating the coefficients of respective powers of ¢ to zero, we get
D i P —gy?
- (1—p+3K2—2KLW2)L
aTyoT, 2(1+p) £+ ¢

oD
x ESVES cos? onO) X =0 (2.39)
1
Fa 2K

5 (5(2) _ 5(1))2 , ,
8T3+1+p(1—p+4K —2K = g Eo'EG cos ono)a

4K> (P =EWy

- ———— EVE® cos® w,T,
i+p (e(l)+s(2))2 o =0 00

(2.40)
The solution of equation (2.40) is lengthy and will not be included
here (it is available from the authors on request).
Order £°:
az¢<32>2,<1)+82¢522),(1> _ 62¢§2)’(”_ az¢‘,2)’(”_82¢§2”“)
X5 ay 3X, 08X,

(2.41)
0X,0X, oX3
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824]%2),(1) a2¢§2),(1) _ a2¢g2),(1) lﬂ(z) ,(1) ¢§2),(1) (2 42)
axX3 ay> 3X,0X, ~9X,0X, 98X )

omy oM 9w 9m 685D omy SR
8TO aTl aTz 6Xo aXO aXo GXO ay

(280 (om0

X, 94X, 38X, ay
a¢(2),(1)
=72 3 2
(2),(1} 2 ¢(2).(1) (2),(1) (2),(1)
d 5} a d
+%U% ¢ +m (!522 + 3 _ ¢, T
0 ay oy 0Xy 60X,

o1z 94
22 t y=0 2.43
0Xe 09X, a (2.43)

29&[6_%]“8_@[%]”% o1 [a h ]
8X, L oy 80X, | ay aX, L oy’
2 3
AL R R R
X, L 3y ay 84X, ay~ aXo
2 a2
+nl[i&]+[%]+{%]+m[i LA
8y 80X, X, X, ay X, 80X,

:<§£+6nz M
90X, 90X, 08X,

%[ 8¢z]+ am [ ¢ ]+m[§zﬁ]
aX() BXO aX() Gy BXO 8X0 8 1
2
+(3_"z+%)[53‘/’1]+(6_771) [M]
0X, 38X, X, 8Xo y
Y, 9 %] [ a%]
= + +
”’72{5 ay ] 2771[ ay m 6y2

+ [5%] at y=0 (2.45)
ay |

) [Eo] cos wo T, at y=0 (2.44)
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a¢(1) 3¢>(2) % [ s :I
—4(1- ¢E cos w, T,
aT, BTO ( P)"h Xo 0 3y ofo
P omp ot , i¢i” an, 1"

T My aT, oTy, oy 2T ayraT, TaT, oy
gy _om ogs” a¢t”  &’¢i" amiagl”

" MayaT, oT, ay  aT, TayaeT, oT, ay
3¢’ i) am et , a¢
- +pm2 +ipmi
@ 2 4 (2) @
0 d an, d
+pm, 97, d +pmy o3 +pol Ui ¢
'9T, ay® oyoT, " 8T, a8y
@ @) @ @
d & an, 9 d
+p ¢3 + o1y i +p om i o b
0T, oy aTy aT1 oy oT,

L L S T R T . Wi
X, 90X, 08X, 80X, dy "9Xo 9y 0Xo

_agt” a¢‘1”+p 3¢5 a¢§”+ a1 391” 965
X, 90X, ' X, 90X, ' 90X, dXo 9y
9 3¢ 96 api?  ael” ¢

TP +p M 2

X, ay 0X, X, 94X, dy oy

01" 9y’ a9 9”9 9 9957

- ] +p

gy 9y oy 9y 3y 9y
o, e, 38m (_«2171)2
X5 TaX,0X, “T0X,0X, 20X2\aX,

_[ ay adxz]_g@[ga_w_«m]_[ A a«m]

aXO 0X, aXo L 90X, 9y 3X, 80X,
23 34 ]+[ . 9Un a¢2]+ [ .9 9 wl]

® 90X, 3y 9X, 3y ay "L ay ay?

-7

a N 3
- N l//21 EEQ} COSs ono 2 [€E0 ‘l/ :| COS wg TO
oy 3y’

|
:"'

r 2
2 0N, (9m2 97
eEO yz] cos woTy+2 Xl( Xz aXll [£E3] cos® w, T,

am>2[- aw] am [ ¢, ]
+4 — eE cos wyTy+2 E, co T
(BXO 0 ay wWo Lo L 9X, € 3y 39X, Swoly




Nonlinear Electrohydrodynamics 1543

am | . (/f] (8712 am)
+2 éE To+2{ —2+
aXO[ 05x, ] “ T 5x T ax,
w] 6171[ P 81!/1] M
F To—2—— +2—
[8 05x, ] YT x| Fax, 3y 3X,
[EEO i]cos onO at y=0 (246)
1

The solutions of these equations are
15(Xo, X1, X3, T, Ty, To) =3K’D*(X,, X,, Ty, Ty, T») e*X+cc. (2.47)
3 (Xo, X1, X2, 5, To, Ty, To)
:[ 13D soéa oD
KaT2 8T, aT0
—4KDD————i- D 1 _&D i D
aT, K?oT,0X, K’oTyoX: K?aT,0X,
1 D i D i &D 1 oD
(?aToaxﬁ_EaTlaX,_EaToaXZ)y 2_KaTOaX§y]

x e*X L NS.T.+c.c. (2.48)
¢§1)(X0, X] ’ X29 Vs TOy Tl, TZ)
D D _aD
[i L} aa+ai——+4KDD—a—
K 3T, 3T, T, a7,

i oD 1 oD i &D
t23 s >t

K? 3T, 90X, K’3Ty0X; K?3TodX,
<1 D i D i D )

K2oT,0X? K aT,0X, K aT,0X,)”
1 oD
2K 3T, 0X>

(/’gl)(XOs X19 X29 Vs TO, Tl, TZ)

5(2) *’(1)

- [—2K2D2D_m EO cos wo Ty

2] e KX Ky 4 NS T.+c.c. (2.49)

(g(z) <1)) D o
~(1 1
+4K2D? D————————-——( S ) EVE cos w, Ty

~(2) _ "(1)

€

e 2(2) p (1)
~2KaD gy @)25 EY cos w, T,
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(5(2) (1))2
(~(1)+ ~(2))2
9D §P-§W
—15}‘(—‘ m EO COos ono
2
1°D ,é@-&W
20x27 F01 5O
x e®X" KL NS T. +c.c. (2.50)
¢§2)(XO: le X25 s TOa Tl » T2)

5(2) 5(1)

= [2K2D2Dm E(()z) cos wo T,

—KaD EV cos w, T,

Egl) COS wy To]

( ~(2) _ "’(1))2

(Z)E(Z)

+4K DZD COS wg To

(D¢ gDy £
(8D g2

+ KaD (2

—( D1 70 cos wo Ty
~(2) ~( )
—2KaD(—,—(1)—T))Zs( E{ cos w, T,
aD 22) _ z(1)
- BX V1 z@ .VEO cos wo Tg

1°D ,§P—§" iKX,—K.

+— X2 y m EE)Z) cos ono] e T+ NS T.+cc. (2.51)
Substituting from equations (2.47)-(2.51) and (2.19) into equation

(2.46) and after some simplifications, we obtain the following differential

equation:

% (1+p) 676“:8T2+2(1 -pla 62TD;+3(1 +p)KDD ;0
+4(1+p)KD (%>2+4(1+p)KD:—7?0 :—g
+%(1+p)aTogzl)aXI_I;faTa;fo
+K—i2 (1+p) aTg—aXZ—K“DZﬁwL%(I -p)K’D?D

2 ZD_ 1 2 (~(2) ~(1))2 1 2
+3(1+p)KD = —+%K°D DW ESVES cos® w,T,
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(5(2)_ ~(1))2 (1) 2(2) 5 (D) 5 ()
3IM2 ~(1) ~(2 1 2 2
—8K D D(£(1)+5(2))3 E E EO EU COS ono

aD (§@ - §Wy? da oD
i~ e EVER cos” woTo+4(1— p) ——
X, Mg TO 7O oTo+4( p)aToaTO

1+pa°’D 4D oD _ (£ gy
f 108D 9D gD goeple ZE )
K 8T7 8X7 X, (e + &)

X Eél)Egz) COS2 (ﬂoTo_ Kzaﬁ(g(Z) e é(l))E(()l)Egz) COS2 ono

5(2)_ ~(1)

+2K2a15m+%2))2 {(EVV+(EPVVEPES cos® woTy=0 (2.52)
I £

Equations (2.52), (2.27), and (2.39) and the solution of equation (2.40)
can be used to study the propagation of a finite-amplitude wave train over
the surface. Using (2.27), (2.39), and the solution of equation (2.40) in
equation (2.52) produces the system of equations

2

9°A _
5+ Bo(1) AZA) =0 (2.53)
ax

¥FA, -

8x2 +I81(t)A1 = .Bz(t)AOAO (2-54)

The solutions of these equations can be written in the form

Aox, ) =C, eVBD*  where C,=+1 (2.55)
t . :
A,(x, 1) B = RSN =R (2.56)

Bi(1) = Bo(t)

where Bo(1), B:{1), B2{t), and g, are lengthy and will not be included here
(they are available from the authors on request).

Substituting from equations (2.55) and (2.56) into equation (2.27), we
obtain

D(x, ) =X 1A, (x, 1) e'Tr2mee!

=C1 eNB“(')x eiﬁwol

Bz(t) ei(\/FOTI—)x+(\/E+2)wot)+ O(E%) (257)

T B - o)

Substituting for D and « into 7, we finally obtain the following expression
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for the interface displacement 7n:
25 1= e e
te B(t) ei(\/mx+(\/;+2)wot)> oiKx
1
B1(1) = Bo(1)

+82<b1 e2i(\/[30(t)x+(\/;+1)wot)

+b, e2i(\/30(1)x+(\/;fl)w0t)+b3 ezi(Jgo(:)x+ﬁmoz)

+b3 e2iw0t+b4+sl{b5 ezi(¢ﬂo(1)x+(ﬁ+1)w0z)

+ b 2 (VBN x+(Va—Dwgt) 1 b, 2 (VBN x+(Va+2)wyt)

+ bs e2i(\/Bo(t)x+\/Ewot)

+b, Ba(1) 2i(VBg(D) x+(Va+1)wqyt)

Bi(t) = Bo(1)

+by Ba(1) RIVROEN O

B1(t) — Bo(2)

Ba(1) 2i(VBg(D) x+(Va+2)wqt)
+byy————————e o
B1(1) = Bo(?)

B(1) ezi(JB‘o"'(r)x+¢Em0r)+b13 eI

' B1(t)— Bo(1)

32( t) 2wt

+byq e+ bis+ by ——"—e
1 15718 8(1) — Bo()

by, Ba(t) e
B1(t) — Bo(1)
where the b’s are constants and the details are lengthy and will not be
included here (they are available from the authors on request).
For e£,« 1, we can write n(x, ) as follows:

4"%‘}) e+ 0(e*) +ce.c. (2.58)

n(x, t) =¢ ei[(Jﬁo(:)+K)x+ﬁwDr]+Ez(bl e2i[(J30(t)+K)x+(¢3+1)w0t]
+ b2 ezi[(JBO(r)x+Kx)+(JE—1)mOz]

+ bs{eZi[(s/Bﬂ(t)+K)x+~/Ew0!]+ eZi(Kx+mor)}

+b, e¥*F)+ 0(e%) +c.c. (2.59)
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3. STABILITY CONDITIONS

The analysis of this section will be based on equation (2.59). Equation
(2.59) can be written as follows:
1(x, 1) =2 cos[(VBo(t) + K)x +va w,t]

+2£%{b, cos 2[(VB,(1) + K)x+ (Va+1)wet]
+ b, cos 2[(VBo(1) + K)x+(vVa —1)w,t]
+ b, cos 2[(vBo(1) + K)x ++va wyt]
+ b, cos 2( Kx + wot) + b, cos 2Kx}
+0(e®)+c.c. S (3.1

Thus, a finite-amplitude wave propagating through the surface is
unstable when a <0 and B,(1) <0, where

K("(2) (1)2 B e
> —-—_(1)+ =5 Eo VES (3.2)
fimfu()EQ ER + fi( Eg V(B - fis(EV )Y (ESY
it fis(OEPEP + fio(EQ)Y(EPY

where the f’s are evaluated; the details are lengthy and will not be included
here (they are available from the authors on request).

The wave propagating through the surface is unstable when the condi-
tions a <0 and B(t) <0 are satisfied, i.e.,

1-p+K° K (% -2
(1) (2) =
[Eol EQ< " where af= S F0y O 3.4)

a='l—p1‘-I(2

Bo(t) = (3.3)

and
H=FOEPER + fi(WEPY(EP) = fis(WEPY(EFP) >0 (3.5)
and
(N2 E N2 4 Sis(t) e J1a(1)
Eo VB B B ™

The equality of relation (3.6) is a quadratic equation in E(\VES.
Inequality (3.6) is satisfied only if either EVESY < E3 or ESPEY > Ej.
That is, either

(1) 5 (2) 2__:1(:fX_5 {(&)2_ fg}l/z)
Ey'E < E;q 2\ 7, + 7 4f16

or 3.7)

2 1/2
s )

<0 (3.6)
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provided that {(fis/fis)” — 4 fis/f1e}"* is real. Or
EEQP<(1-p+K?)/af

and
fi—fu(OEPEP + i EPV(EPY = fis(EPY(EP)P <0 (3.8)
and
2y ponz 4 J1s(t) EE®D Sra(t) -0
(o By B B (39)

Inequality (3.9) is satisfied only if, ESV E$Y > E2 or E\VE{P < E3. That

is, either
1(-f, fis\’  fial?
E(‘)E‘2)>E2=—(~—1§+{(~—) —4==
CT TR oS WA S
or (3.10)

Wp@ o p2_1{Zhs {(&)2_ &}1/2)
Ey'Ey ' <Ej;= (fw 7 4f16

From the foregoing discussion, we see that the system is unstable
provided that the electric field satisfies either of the following conditions:

1-p+K?
QB <2
E
fi=f(DEPER + i )N EFV(EP) ~fi:()(EF) (EPY >0
(3.11)
and
EEP<EY or  E{EY>E;
or
2
E(()x)Egz)<1_P+K
ak
[i=fn(DEPEP + f(ES)ER) = fi:()(EPY(EF)’ <0
and (3.12)

EPEP>E? or EVPEP<E?
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4. THE CASE OF A CONSTANT FIELD

A special case occurs when the applied electric field is constant, letting
w =0 in the boundary value equation (2.52). The condition becomes

2A'(x)
ax?

+yh(AYA' =0 (4.1)

where

12(1 - p)KH (@ —£W)?
2K2—1+p(8V+ %)

212 2 (5@)*5(1))2 DEp@
—-&55K (6(1—p)+9K ~18KWE§,)E8 )

76={bsz(%(l+p)K+ Eé”ﬂf’)

R (§(2) _ £<1))2

+8K (5(1)+§(2))3

5(2)5(1)E§)1)E(()2)}

1 2 (2= o pe
X{m(l*p""}]{ _2KWEOI E;

~{2) _ ~{(1)\2 -
+(3K__¢_€_1.)_ Egl)ESZ))} !

é’(l)+ 5(2)

and

K 5 (5(2)_5(1))2 PR,
b=m(l-p+K _KWEO Eg

The solution of this equation is

A(x)=ce™"*  and c==+1 (4.2)
where
D'(x, t)=A'(x) e™*' +c.c. (4.3)
and
()= - EO S iy o ED 8 g (S
2K*—1+p (' +¢£) (e +¢&")
A'A

X
(1-p+4K?*=2K{(§P -/ (VP +ED)NEVEP)

+c.c. (4.4)
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Substituting for D’ and «’ into n’, we finally obtain the following
expression for the interface displacement n':

n/(x, t)z € ei\/7_6x+\/3m0r) eikx

2D E@) £ 2(2) _ 2(1)y3
2 —2K°E{’Eg” (€7 — ) 2i(Vygx+Bagt)+2iKx
“\ 2K =1+p (V&P

__4K2 (5(2) _ g(l))B
(g(l)_*_ 5(2))2

1
X = —
(1-p+4K>—2K{(e?P - D)/ (£ + 8(2))}551)582)))
+1e3K? VYT KX Vbeot 4 o ¢ (4.5)

Equation (4.5) is similar to that obtained by Mohamed and El Shehawey
(19834a).

4.1. Stability Conditions

The analysis of this section will be based on equation (4.5). Thus, a
finite-amplitude wave propagating through the surface is unstable when
v5<0 and b <0, where

(Eél))z(E82))2+ F“EBI)EE)Z)"' F12

ro= —F+EVEP (4.6)
and
K (5(2)_5(1))2
b=m(1—p+K2~KW Eg“Eg”) (4.7)

where the F’s are evaluated; the details are lengthy and will not be included
here (they are available from the authors on request).

The wave propagating through the surface is unstable when conditions
b <0 and y{,<0 are satisfied, i.e.,

(1-p+K?) (¥ -0y
e e o B
and
(BQV(EQ)Y+ FuECEQ+ Fip>0 (49)

EPEP ~F,<0 (4.10)
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The equality of relation (4.9) is a quadratic equation in E"ES.
Inequality (4.9) is satisfied only if either E{"ESY < E2 or ES’EY > EZ.
That is, either

EVEYP < E;=3[-F,+(F;, —4F,;)"?]

or (4.11)
E’E( > E}=3[-F.— (F3,—4F;,)""]

provided that (F7, —4F,,)"/? is real: or

ESI)E82)>'1'%I—<—2‘
£
and
(ESNYAEP)Y+ FLEPEP+ F,<0 (4.12)
EVE®-F;5>0 (4.13)

The equality of relation (4.12) is a quadratic equation in EPE{.
Inequality (4.12) is satisfied only if ES’ESY > EZ or ESVE < EZ. That is,
either

EVEP > Ei=Y~F, +(Fi,—4F;;,)"*]
or (4.14)
EPEP < El=Y-F, ~(F,;—4F)"*]

From the foregoing discussion we see that the system is unstable
provided that the electric field satisfies either of the following conditions:

2
E(1>E<2)>1‘P+K
4] ) a*
E
EVEP<EY or EWEP>E? (4.15)
and
EQEP < Fy,
or
2
pwpos17p+ K
0 4] CY*
E
EMWEP>E; or EYVEYP<E? (4.16)
and

ENEY > Fy,
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APPENDIX

If we substitute for n, ¢, ¢ as given by equations (2.34)-(2.37) and
(2.38) into equation (2.33), we get

a 2K £2) _ z(0y2
a’lf: 1+p (1 p+4K2_2K ( "’(1)+5(2)) EBI)EE)Z) COSZ ono) o

(~(2) ~(1))3 1) =(2) 2
= 1+p D (~(1)+g(2))2E E COs ono (Al)

We assume a regular perturbation expansion for «,
a = ay+e,0,+ i+ O(e3}) (A2)

where ¢,=gq.
Substituting « in equation (A2) into the nonhomogeneous Mathieu
equation (A1) and comparing powers of £, gives a sequence of equations,
and substituting D in equation (2.27), after solving to all orders in perturba-
tion theory, gives the following.
Equate coefficients of £9:
aZao ___2K3 ( ~(2) (1))3

—+ Qo= =
3 00 wi(1+p) (EV+59)

x (A2 ¥Ve e To 4 2 A A) +c.c.

EPE®(1+cos 2¢)

with solution

_2K3 (5(2) ~(}))3

a - E(I)E(2)
" wi1+p) (B EDy O

A% eZi(x/E+1)wDTO

x( Ao vty 2 4 7y
o—4a a, " 2[a,—-4(Wa+1)]

Az 2i(vVa-1)w, T, Avo
2[a0 4(vVa-~ 1)] ag—

ez"”ﬂ ) +c.c. (A3)

where

2 ~(2) _ "(1) 2
- K ( ) E(I)E(Z)
4w(2)(1+p) "(1)+ ~(2)

(5(2) _5(1))2

2K 2 1) (2)
(l—p+4K ‘KWEJ E;

wy(1+p)

E=w,T,

apg =



Nonlinear Electrohydrodynamics 1553

Equate coeflicients of &;:
3 oy 2K? (8P -y
——+aya; = 8aycos 2 — —
g o =B S BT ) (V0 E)

X (1+cos 2£)(2A0A, ¥V VEL2 4 A, €7 +c.c.

EPED.

with solution
___2K3 ("’(2) ~(1))2
[44 -
T oi1+p) (E0+ED)

( 4A0 eZi(«/E+l)w0T0
(as—4a)[ag—4(Va+1)’]

1 2)
E{ES§

+ 4A(;; 2i(\/z—1)(ooT0
(ap—4a)a—4(Va—-1)*]
8 2A(2) eZi(\/E+2)w0T0

Tt M e Va1 lae—a(Va + 271

AZ 2:\/_‘w0 o AZ szmo o

+

[a,—4(Va+1)*)(a,—4a) [ao 4(Va—1)"1(a,—4a)
. 2A2 2i(va— —2)w, T, 4A0A e4lm0 o

[ay—4(a—1)T[ay—4/a—2)"] " (ao—4)(ap—16)
N 4A0A, 2ApA, e¥VEDw0T, 2A0A, o,

ag(a,—4) [ 4(\/_"‘1) 1

l\/E w,
_4a 00—4(\/-C—l'+2) ao

Substituting equations (A3), (Ad4), (2.55), and (2.56) into equation (A2)
and putting X, =&"x, T,, = £"t, we get

(A4)

alx, t)=b, eZi(\/BO(r)x+(\/E+l)wcr)+b2 e2i(\/B0(1)x+(\/3—l)wor
+b3 e2i(\/130(t)x+x/amot)+b3 e2iw0r+ b4
Sx(bs ezx(«/ (N x+(Va+Dwyr)
+ b, B VBN x+(Va—Dayn
+b, 2 VBN x+(Va+2)wy1)
+b8 PUSTN 1) x+vawyt)

by Ba(1) 2i(VB () x+Va+1)wyt)

Bi1(t) — Bo(t)
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Bs(1) 2B x+a g t)

B.(1)—Bo(D) ©

Ba(1) 22BN x+(Va+2)wy1)

o g - o)

Ba(1) VB a0yt | py iyt

by,
TP - BalD)
ﬁZ(t) 2iwgt

+byg €490 + bygt byg — b
e " 1631(‘)_30(’)8

_ﬂ)_ﬁ 4iw0’ 9
M YOREION ) +0(ei) +ee.

where
K} (§9-30)p  EWED
bi= T 0X(1+p) (EV+EDY go—a(Va+1)?
-K? (5(2)_ 5(1'))3 E(()I)Egz)
b2= wi(1+p) (EV+E?) gy—4(Va-1)*

—2K3 (5(2)_ ~(1))3 E§,1>Ef)2)
T wl(1+p) (EV+EDY? g,—4a

—4K>  (§P-g0p

“= aowi(1+p) (§V+ D) ESEY

b —16K3E8])E(()2) (5(2)_5(1))3

P wi(1+p)(ag—4a)ag—4(Va+1)"] (60 +EP)

b ~16K’EVE(” (€D -0y

° wi(1+p)(ag—4a)ap—4(Va—1)"] (0 +EP)

b= —8K*E{"E{ (8P —5M)
T wi(1+p)ao-4(Va+1)1[ap—4(Va+2)"] V4P

—8K’E’ER (6@ =&y 1
be= wi(1+p) (5(”+é'(2))2((a0—4a)[ao-—4(\/5+1)2]

1
(a0t 4a)[ag—4(Va-17]

1
Tla0—4(Va- 1) ag-4(Va —2)2])

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(A11)

(A12)

(A13)
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b= a0+ p)[;:f(;(¢3+ 7] EZZ; J: ?:;z E¢E (A14)
be=330 +_pz)ﬁ;—4a) EZE;; ilif Eo"Eg’ (A15)
bu=Tm% p)[;f f :(¢5+ 377 EZZ; ; Zz:; E{VEY (A16)
bio= w(z,;oz(fj p) EZ::: ;:;z EVEg” (A17)
b= wgao(;:_zf‘(;(l +p) EZ::: Z:i:;z E"E” (A18)
b= w5(1+p)(—c:o6—K43)(ao~ 16) Eiiil 2332 E{VEg (A19)
s = et fplf(;o y Ez:t j;;; Eg’Ey” (A20)
e i EVES (A22)

by, = <

7 wi(1+p)(ao—16) (8 +£7)

2 2 9 12 (5(2)_5(1))2
Bo(t)y=¢ {K [3(1——p)+§K —9KwE§)”E82)COS2th
(5(2) - 5(1))2
(§(l)+ 5(2))3

16K’ (1-pa_ (£¥ &)

+8K FVEDEDNER cos? wol]

E(I)E(z)
(1+p)(ag—4a) (EV+£P)2 70 7°
4K° (EP-&M) 2' (N2 2
+wc2;(1+p)(ao-—4a) (5(1)+5(2))4 (Ep”) (Eo )" cos” wyt
4K*(1-p) (5@ _ g0y

- 1-p+K*—K~—~————EE®

(1+p)(ap—4a)w} P F0fg@ o Fo

(5(2)_5(1))3
X cos’ wot] (FT1 ) EVEY
1 (5(2)_5(1))2 1

xi—|3g-X_T_ EDED cos® onf | m—t

{K [3 EEIpe) o Eg” cos” wy 4(1+p)Kawg

(5(2)_ 5(1))2

2y -1
Xl:l—p+3K2—2K—m* EVE cos? wot] } (A23)
> £
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of 16(Va+1)(1—p)Wa (6%-&")

Ao =e ((1+p>[ao—4(ﬁ +1)7] (E0+ D)
8K> E{VE cos® wot (P ~M)°

wi(1+p) (a—4(Wa+1)?) D+’
8K*(1-p) EQEP (E¥-20)
~wi(1+p) a—d(Wa+1)? (FV+EP)

EPE® cos? wot]>

E((JI)E(()?.)

(é-(z)_ 5(1))2

2
x[l—p+K _KW

1 (5(2) _ 5(1))2
x{—|3K —~—+—5— E{"E? cos? wyt
{K[ §W 4 g 0 =0 0

1 [ , (5(2) _ g(l))Z
- 1-p+3K*~2K-———r—
4K(1+p)2+vayeil * o)
2y -1
x ESVES cos® wot] } (A24)

(5(2)_ 5(1))2

2 EVE® cos? wot
E(l)+€(2) 0 Y 0

Bx(t) = 82{—K2[6(1 -p)+9K*—18K

(5(2) - g(l))Z

+8K '(1)5(2)E81)E62) 0052 wot]

(5(1)+ 5(2))3 €
32(1-p)K K?  (§®-gMy
(1+p)(ao—4a)[ @ —4(Va+1)’] w1+ p) (£ +£EP)

(5(2)_ g(l))z
5(1)+ 5(2)

EEI)E(()Z)

X [1—p+K2—K EVE® cos? wot]

64K*(1-p)2va(Va+1) (§P-gW)
T (1+p)ap—4a)[a;—4(Va+1)?] (EV+ @)
32K°
i1+ p)(a—4a)[a,—4(Va+1)7]
(5(2)_5(1))6

1 ~(2) _ 212
X{—I:3K_(8~<l> 8~<2))
K e+ e

E(()l )E(()Z)

EPEP cos? wot}

1
4(1+p)(2+Va) wj

N (5(2)_5(1))2 e 5 2 -1
x{1-p+3K _2KWEO Ey7 cos” wot (A25)

x ESVE® cos? wot —
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2K (~(2) ~(1))2 1) 7(2)
ao=m[l—p+4K2— WEJ Ey (A26)
16K5(1—-p)
=4K(1-p+K? —p)+3K*]+
X(1-2p+2K*+ K*+p*~2pK?) (A27)

(£ _ 0y
fa=3K[(1~-p)i-K* ]m

16K°(1-p)(1=p+K?) (£2- V)
(1+p)2K*—1+p) EV+E?
s A=p)-p+K? (E%- £y
(1+p)2K*=1+p) (§V+&P)
+4K3(1-p+KH[9(EV) +108VEP +9(6P)*]

+3K

(~(2) g2
(8~<1)+ £) cos” wot (A28)
) = 4K'(1-p)  (EP -y K°(1-p)
2 (1+p)2K*=1+p) (§V+ ) "(1+p)2K*—1+p)
X(l— +K2)M+ZK [9( (l))2+10~(1)~(2)+9( ~(2)) ]
p (D1 gDy & €
('(2) (1))4 8K6(1 p+K2)(~(2) ~(1))6
x(§(1)+ "(2))4 COS wol + 2K2—1+p (5(1)+ ~(2))4
8K°(1-p) (82—’
? wot + 1-p+K) ——55
<ot wnt kT 11y (P KD G gy
X €0s* wot (A29)
4K7 (5(2) (1))7
= t
fe= k14, G5 cos” wy
4K'(1-p)  (ED-gV)
t A
(2K*~1+p)(1+p) (é‘”+§‘2>)“°°S wo (A30)
f1a=3K[2(1-p)+K*—(1-p)*] (A31)
— 3 2 (~(2) (1))2
fis= K°(4 cos wot~3)m (A32)
J(ED—gmyr
fie=—2K mcos wot (A33)



1558 El Shehawey and Abd El Gawaad

12(1—-p)K? §P -
Fu:( (

2 7
K2 —1+p £V 4D (1-p+K)—3(1+p)K

~(1)~(2) 2 ~(2) _ 2(1)3y3\ —1
£V¢ 12K*(p—1) (¢ —£&")
+9K3+8K3 (5(1)+§<2))2(2K2—1+P (g(l)+ 5(2))2 (A34)
Fip=(G(1+p)(1-p+K*)=-3(1-p)K*~3K*
12(p — 1) K2 (82 — g10)3\ -1
( DK (e ’im)s) (A35)
2K*—1+p (£7+£&7)
1
Fi=|-———=00-p+3K? +3K)
~(2) _ x(1)2 2(2) _ x(1)y2\ -1
x( 1 (8~<1) £~(z>) _(8~<1> 8~(z))> (A36)
2(1+p) &'V+& eV+E
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